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Representation of Algorithms

Algorithm
(SGD)

z = ((x, 1), (2, 2), - - (Xa, ¥n))
Training Dataset

[1] W. Azizian, F. Lutzeler, J. Malick, and P. Mertikopoulos, “What is the long-run distribution of stochastic gradient descent? A large deviations analysis,” in Proc. of the 41st
International Conference on Machine Learning, July 2024, pp. 2168 — 2229.
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Federated Learning: Overview

oy FOrall ke {1,2,..., K}, the training dataset of
D client k, zx € Z* & (X x Vi)™

i Dataset Zk £ ((Xk71,)/k,1),(Xk,27}/k,2),---,(Xk,nwyk-,"k))?

5 8 B
Z1 Zk K
1 k K

Figure: Federated learning scheme
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Federated Learning: Overview

oy FOrall ke {1,2,..., K}, the training dataset of
D client k, zx € Z* & (X x Vi)™

i Dataset Zy £ ((Xk717yk,1),(Xk,27_yk,2)a~-'a(Xk,"k7yk7"k))7
The loss function of client k:

b - My X Zi — [0,+OO),

—-— — —
- - . The empirical risk induced by 8 € My, with respect to
z1 m I m % m the dataset zx:

1 k K

L - Z x My — [0, +00)
“ (21, 0) — o 327 0 (0, X, Vi) »

Figure: Federated learning scheme

[2] Samir M Perlaza, Gaetan Bisson, Ifiaki Esnaola, Alain Jean-Marie, Stefano Rini. Empirical Risk Minimization with Relative Entropy Regularization. IEEE Transactions on
Information Theory, 2024, 70 (7), pp.5122-5161.
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Federated Learning: Overview

For all k € {1,2,...,K} and for t € {0,..., m},
mcliem

> zx € Z%:
Server , k
> Ukt € U
—
. Dataset > Vit € Vi
» O, € M.
Ukt V.t

Figure: Federated learning scheme
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Federated Learning: Overview

For all k € {1,2,...,K} and for t € {0,..., m},
Client z Ean;
Server D Yok Sk
> Ukt € U
. Dataset > Vit € Vi
» O € M.

Ukt Vit

Example (FedAvg [3])

— -
- . Let Ux = Vi = My and vko = &, ugo = 6o
Zt m K m then, for t € {1,..., m},

k K

Vie = V0Li (Zk, Uk,e—1),
- - K
Figure: Federated learning scheme _ nj
Ukt = Uke—1 — 1 — Vit.
— o
i=

[3] H. B. McMahan, E. Moore, D. Ramage, S. Hampson, and B. A. y Arcas, "Communication-efficient learning of deep networks from decentralized data”,

Proceedings of the
20th International Conference on Atrtificial Intelligence and Statistics (AISTATS), pp. 1273-1282, 2017
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Federated Learning: Overview

For all k € {1,2,...,K} and for t € {0,..., m},

Client Nk,
> z € 25,
Server D , k

> Ukt € U
—
. Dataset > Vit € Vi
» O € M.
B e Communication constraints:
» uplink information transmission rate: Rj;
-— . . . . .
- » downlink information transmission rate: R,.
Zk K R
R mR
Uy | < 2MR« and Vi| <277k,

Figure: Federated learning scheme

[3] H. B. McMahan, E. Moore, D. Ramage, S. Hampson, and B. A. y Arcas, "Communication-efficient learning of deep networks from decentralized data”, Proceedings of the
20th International Conference on Atrtificial Intelligence and Statistics (AISTATS), pp. 1273-1282, 2017
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Federated Learning: Communication

Vii-1

V2,r-1

U,r-1 Uz,r-1

Communication
Round 7-1

Vir

Ui,y

Communication
Round ¢

Figure: Two consecutive communications rounds, namely t — 1 and ¢, with t € {2,3,..., m}, in the case in
which K = 2.
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Federated Learning: Communication

For all k € {1,2,...,K} and for t € {0,..., m},
» all messages sent to the server during round t:

(t) — T .
Client 1 Server Client 2 v = (Vl,h V2,ty vy VK,f) EVI X Vax...XVk;

. o » all messages sent by client k during all

T Yaet previous rounds, including round t:

=

£

3 U1,r-1 U1

t T t

L\z VE() :(vk71,vk,2,...,vk7t) € V.
: | : oo ‘
2 . Vi

s

5

I3 U Uy
S ! ‘ ‘

Figure: Two consecutive communications rounds,
namely t — 1 and t, with t € {2,3,..., m}, in the
case in which K = 2.
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Federated Learning: Communication

Client 1 Server Client 2
s Vi1
| V2,-1
°
£
32 [ U1
3
o
T i T
5 Vo,
~ Vi
°
5
3
I uy Uzt
S i i

Figure: Two consecutive communications rounds,

namely t — 1 and t, with t € {2,3,...

case in which K = 2.

,m}, in the

For all k € {1,2,...,

K} and for t € {0, ...,

m},

» all messages sent to the server during round t:

SO =

(Vl,h V2,50

VK,t)T

» all messages sent by client k during all
previous rounds, including round t:

t
VE() = (Vk71, Vik,2y ooy

Let vV ¢ V1 x Vs x

1,1
!(t) s V2,1
VK,1

= (v

= (v

Vk,t)-r € Vl£~

. X VK)t be such that,

Vig ot Vi
V22 Vot
VK,2 VK, t
O
© Vi
t
V)

eV X Vo X...

X Vk;
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Federated Learning: Communication

For all k € {1,2,...,K} and for t € {0,..., m},
» all messages sent by the server during round t:

(t) _ T .
Client 1 Server Client 2 u? = (U, e,y Uke) € UL X Uz XL X Uk

. o » all messages sent by the server to client k
1 i) during all previous rounds, including round t:
=
£
3 U1,r-1 U1
t T t
L\z UE() :(Uk71,uk,2,...,uk,t) Euk.
5§ ! : vas ‘ (t) t
- vis Let u'” € (Uy X Ur X ... X Uk)" be such that,
! ikl Lo Uil Ui - ULg
(SR i !
: : ' uz1 U2 ccc U2t
‘ ‘ ‘ 2
Figure: Two consecutive communications rounds, UK1 Uka - Ukt
namely t — 1 and t, with t € {2,3,..., m}, in the ’ ’ - ’
case in which K = 2. = <ugt) ugt) u%‘"))

(u® u® . u).
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Federated Learning: Statistical Modelling

Pg’g(m),z(m)’zo € A (Mo xU" x Vi x Zp), with

MoéMlXsz.,.XMKCRdXK;
uOéI/ﬁ XUQX...XUK;
VoéV1XV2X...XVK;

Zo 2 ZM X 2P x ..o x 2K
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Federated Learning: Statistical Modelling

Pg, ytm vim z, € A (Mo X U™ x V' X Z9), with
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The Machine Learning Algorithm

The model chosen by client k, with k € {1,2,...,K}, is obtained by sampling a probability measure
exclusively conditioned on

» The dataset zy;

» The m messages received from the server, uim); and

» The m messages sent to the server, vf("').
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The Machine Learning Algorithm

Assumption

The model chosen by client k, with k € {1,2,...,K}, is obtained by sampling a probability measure
exclusively conditioned on

» The dataset zy;

» The m messages received from the server, uim); and

» The m messages sent to the server, vf('").

The machine learning algorithm used by client k:

P

m \(m A o X VI x Z).
U™ v z, € & (MUUS X VT x 2,5
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The Messenger of Client k

The message sent by client k to the server at communication round t, with k € {1,2,... K} and
t € {1,2,...,m}, is obtained by sampling a probability measure exclusively conditioned on

» The dataset zy;

» The t — 1 messages previously received from the server, uff_l); and

» The t — 1 messages previously sent to the server, vff_l).
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The Messenger of Client k

The message sent by client k to the server at communication round t, with k € {1,2,... K} and
t € {1,2,...,m}, is obtained by sampling a probability measure exclusively conditioned on

» The dataset zy;
» The t — 1 messages previously received from the server, uff_l); and

» The t — 1 messages previously sent to the server, vff_l).

The messenger of client k during communication round t:

P L e AU x v x 2.
ViU v 2, € |t k K
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The Server

The messages sent by the server at communication round t to all clients, u(t), with t € {1,2,..., m},
are obtained by sampling a probability measure exclusively conditioned on

» The t messages received from each client, g(t); and

» The t — 1 messages previously sent to the clients, utY),
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The Server

Assumption

The messages sent by the server at communication round t to all clients, u(t), with t € {1,2,..., m},
are obtained by sampling a probability measure exclusively conditioned on

» The t messages received from each client, g(t); and

» The t — 1 messages previously sent to the clients, utY),

The server during communication round t:

t—1 t
Py ye-v v € VAN (U0|U0 X Vo) .
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Statistical Federated Learning

K K
Po,um vim)z, = (H P®k|u(k’”),v‘km)1zk) H (PU“)\Q(‘*“ V(=1 H ij,[\uj(.““,v}t*”,zj) :

k=1 t=1 j=1

Learning Algorithm
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K
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Example

Example (FedAvg)

Pue 10 m1=ug. o1, vo—vt) ({Uk,e}) = 1y Ko

Uk, = Uk, e—171 2570 o Vit

}EA(L{k),

PVk,:\Uk,z—lzuk,t—hZkzlk ({vie}) = ]l{vk,t:VLk(zk, ue—1)} €AV,
Pe, vy c=uc.r. zi=2 ({0x}) = ]l{Hk:ukyt} € A (My).
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Generalization Error: Meta Federated Learning Algorithm

Lemma

K

m
aym) y(m) 2 = H w01 vio—vo ({83 T PVMUjgt—l):ujqr—l),Vj(,r—l):vj(,r—n, 2z, (1Vie})-
t=1 j=1
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Generalization Error: Definition

For some fixed dataset zx € Z/*,

Riz, {A(Mk) — [0, +00)
Kz P+— [Li(z«,0)dP(0) "
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Generalization Error: Definition

For some fixed dataset zx € Z/*,

. {A(Mk) — [0, +00)
kzy P+— [Li(zx,0)dP(0) "

Definition (Generalization Error)

In the federated learning system described by the measure Pg,g(m))l(m)lzo, under the assumption that
datasets zg = (z1, 22, ...,2k) € 2 are obtained by sampling a probability measure Pz, € A (Zo), the

generalization error at client k is

Gr(Pa, yim, vim)| 25 P2o) = / / <Rk,2k(Pg:|>ZO_ZO) —Rk,zk(P(E)"Zl)zo_zo)>szk(Ek)szo(zo).

Learning Algorithms”. November, 2024.

amir M. Perlaza and Xinying Zou. e ion Error of
4] Samir M. Perl d Xinying Z “The G ization E f
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Representation of Algorithms

Algorithm
(SGD)

»
»
61
z = ((x, ), (2. y2), - - -, (Xns ¥n))
Training Dataset
[1] W. Azizian, F. Lutzeler, J. Malick, and P. Mertikopoulos, “What is the long-run distribution of hasti di descent? A large deviations analysis,” in Proc. of the 41st

International Conference on Machine Learning, July 2024, pp. 2168 — 2229.
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Optimization problems

Let A\, > 0, Let A\, <O,

i Rez, (P) + A« D (P R (P 1o D(P
peom k2, (P) + A D (P||Qo,) peam Py k2, (P) + 2D (P||Qe,)

[5] Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025.
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Generalization Error: Gibbs Measure

Definition

Given the function L in (1), with k € {1,2,..., K}; a o-finite measure Qo, € A (My); and a A\« €
IR\ {0}, the probability measure Pgi?}jk) € A (M|Z/¥) is said to be an (Lk, Qe, , Ak )-Gibbs conditional
probability measure if for all zx € Sk, Kk’Qek,zk (—%k) < +o0; for some set Sy C Z,f“; and for
all (z«, 0x) € Sk x supp Qe,,

(Qe, A k)

ek‘zk_zk 1 — (——1 ))
i e = Li (2, O K z 5
. (Ok) exp ( )\k k( ks k) k,Qek; k )\k

where the function Ky, g, .z, is defined as follows

K | R—R
%t — log (f exp (t Lk (24, 0x)) dQe, (64)) -
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Optimization problems

Let A, > 0,

min
PELgq, (Mi)

Rk,zk(P) + XD (PHQ@;() .

Let A <0,

max
PeA M
g, (M)

Rk,zk(P) + Ak D(P”Q@k) .
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Optimization problems

Let A, > 0,

i R P)+ X¢D(P .
PeAgg:(Mk) Kz (P)+ M D(PlQe,)

Letyv = D

(Qo > k)

<P@k\zk=zk”09‘<)’

min
PEAO@k(Mk)

Rk,zk(P)

s.t. D (P”Q@k) <.

Let A <0,
max R P)+ A¢«D(P .
e s (M0 %,z (P) + XD (P Qe, )
(Qe, > k)
Letv = D(P9k|§k:ZkHQek>'

PEAQ,,

max R,z (P)

(M)
s.t. D(PHQ@k) <.

[5] Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025.
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Optimization problems

Let Mg > 0,

min
PEAgg, (M)

Ri,z.(P) + A« D(P||Qo,) -

(Qe, k)
Let vy = D<Pek‘§k:zk||Qek>,

min R P
PELgg, (Mi) ki (P)

s.t. D (P”Q@k) <.

The Best !

Let A < 0,

max
PeA M
g, (M)

Ricz,(P) + A D (Pl Qe,) -

(Qey k)
Let v = D(Peklgk:zkuc\?ek>,

max Ry P
pe ) R (P

st.D(P||Qe,) <7

The Worse !

[5] Samir M. Perlaza and Gaetan Bisson. “Variations on the expectation due to changes in the probability measure”. Entropy, 27(8:865):1-20, Aug. 2025.
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Generalization Error: The First Closed Form Expression

Consider the generallzatlon error Gy ( @, ulm, v(m)|zy on) and assume that for all zo € Zy, Pg m) <
(
Qe, K P@ P@"k’|20_20 < Qo,. Then,

G (Po, uim, vim |z Pzo) = M (1 (PS]) 293 Pzo) + L (P23 P2o) + oo, 0 (PG 129 P20)) -
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Generalization Error: The First Closed Form Expression

Consider the generalization error Gy (Pe ulm), v(m)|zgs on) and assume that for all zo € Zo, Pg m) <
Qe, K Pe':) < Pg" < Qo,. Then,

[Zo=29

Gk( 0, um, v(m|zy: PZO) = M ( (P(E)k\zo PZO) +1L (Pek\zo PZO) +JL‘<’Q@k’>‘k (Pek\zo PZO)) ’

JLk,QekJ\k (Pek|zo on)

dPé)m)Z =2z dP((E)m)Z ¥4
:/Iog — Qk(LkOAk)O(ek) dP on(ﬁk,Zo) /Iog _ Cl;l)ko)\k °(9,) dPe 120 Pz,(6x,20),
dP@k\Zk 2 dP@k|zk Z)

where the probability measure Pé)m) is such that for all measurable sets A C M

m) A= / Gk\zo—lo (A)dPz, (z0);

P('")on € A (M x Zp) is a product measure formed by P('") and Pz,; and
P 2,Pzo € & (Mix}setZy) is the joint probability measure induced by P \z

0
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Generalization Error: The First Closed Form Expression

Consider the generallzatlon error Gy ( @, ulm, v(m)|zy on) and assume that for all zo € Zy, Pg m) <
(
Qe, K P@ P@"k’|20_20 < Qo,. Then,

Gi (Po, um, vimz0i P20) = M (1 (Pelz,i P2o) + L (Peyl 2y P2o) + o, v (Peyzyi P2o)) -

Warnings :

» A\« does not influence the value of G« (P@’ ulm), vim)| zg on>;
> 1 (PS50 Pzo) + L (PS50 Pzy) = 0;

> Jiqo,n (P2, P2y) ER.
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Independence Hypothesis Test

(m . m
I (Poylzyi Pzo) + L (Pe)lzy: Pzo)

dP(Gm)Z =z m dP(Gm)Z =z m

:/|og (dkp(;)O(ek) Py, Pz, (Ok,zo)—/log W(ek) dPS” Pz, (6%, 20)

O O
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Independence Hypothesis Test

1 (PG!120i Pao) + L (PG 12, Pao)
(m) (m)

arym, . . dP, i
- /|og (mlzoo(ak)> dpgk{ZOon (0x, 20) —/Iog (;;'({gwm) dPS” Pz, (6%, 20)

dPg:) Oy
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Independence Hypothesis Test

! (PSllzyi Pzo) + L (g2, Pzo)

(m) (m)
~ [1og [ 2F8ulzmm (.} apt) . (81, 20) — [ log [ LoZ=m (g, dry’ Pz, (6
= og (m) ( k) 04|20 zo( ksz) og (m) ( ) Zo( k,ZO)
Py Py

Hypothesis:

Ho : (Bk,Zo) ~ P

<h \ZOPZO

H1 . (Gk,Zo) ~ P(GI:)PZO
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Contribution of the Federation

i Qe, M (Pek|zo on)

dP(Gm)Z ¥4 m dP(Gm)Z z,
:/log (gl 0)\k °(9,) dP((ak)qu(Ok,zo)—/log — (S(\ako)\k %6)) d'De 112,P20(6,20),
d’D@k\Zk 2 dP@k\zk 2
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Contribution of the Federation

JLk,QG)kv/\k ('De)k|z0 on)

ary” ary”
:/Iog %(Gk) dPé)"k')on(Ok,zo)—/log %(ek) AP Pzy(8k,20),
1P k\Zk 2 dP@k\Zk 2

Mismatch Hypothesis testing:

H() . (0;(,20) ~ Pg:)\ZOPZO

Hi @ (Ok, z0) ~ pLoox)

Oy Z Pz,
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Contribution of the Federation

JLi.Qe, A (Pe 1Zo" sz))

dP((am) dP(m)

|Zo=2 m Oyl Zo=z

:/Iog ﬁ(@k) dPé)k)Pz[)(ek,zo)—/log ﬁ(@k) dPek\z Pz,(0,20),
dPek\zk z) dP9k|Zk 2z

Mismatch Hypothesis testing:
Ho : (8k, z0) ~ PY") ;. Pz,

H1 . (ek,zo) ~ P(Qﬁk’kk)

04|12y on
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Contribution of the Federation

JLk'Q@k’)‘k (Peklzo PZO)

ary, arym,
— [log( - SaZe501) |dPL Po(Bre) - [log ~HZE6) 4P, e (6izo),
dP@k\Zk 2 dPek|zk 2

Mismatch Hypothesis testing:

H() : (Ok,Zo) ~ PO \ZQPZO
Qo, A
H1 : (Bk,zo) ~ P(ek?;k k)on
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Contribution of the Federation

JLkaQG)kv/\k (F’ek|z0 on)
(m) (m)

dP, dp
0| Zp=z m Oyl Zo=2z m
= / log ka) dPS" Pz,(8x.20) - / log dp‘;‘L 2200 dPy”), Pzy(8k.20),

04| Zy=2 Ol Zy=2

Consider v > 0,
dP((Bm?Z z
.A—YZ (0k720)6/\/1k><20:|0g k1£0= 0( ) =y

(Qe, s k)
dP@k\Zk 2z

The set A, is the acceptance region of Hp : (8, zo) ~ e \Zo Pz,.

. . Qo, X
The set A5 is the acceptance region of Hy : (0, zo) ~ (ek?ék k)on-
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Consider v > 0,
(m)

O|Zo=z
A, =< (0k,20) € My x 25 : log ((;CL " (0) | >
o
dP@k\Zk 2z
The set A, is the acceptance region of Hp : (8x, zo) ~ Pg:)‘zo Pz,.
. . Qo, A
The set AS is the acceptance region of Hy : (0, z0) ~ Pé)kcfék k)on.
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Consider v > 0,
(m)

O|Zo=z
A, =< (0k,20) € My x 25 : log ((;CL 20 (6k) | 2y
o
dP@k\Zk 2z
The set A, is the acceptance region of Hp : (8x, zo) ~ 'D((BT)\ZO Pz,.
. . Qo, A
The set AS is the acceptance region of Hy : (0, z0) ~ Pé)k(fék k)on.

Po, Pz, (Ay)
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Consider v > 0,
(m)

(€] z
A, =< (0k,20) € My x 25 : log (;;ngﬂ CARER
o
dP@k\Zk 2z
The set A, is the acceptance region of Hp : (8x, zo) ~ Pg:)‘zo Pz,.
. . Qo, A
The set AS is the acceptance region of Hy : (0, z0) ~ Pé)kcfék k)on.

Po, Pz, (Ay)

P((ar:)\zo Pz, (Ay)
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Consider v > 0,
(m)
A, = {(6k,20) € My x Zp : log OlZo=20 (g} | >«

Qe Ak
dP@k‘ék 2z
The set A, is the acceptance region of Hp : (8x, zo) ~ Pg:)‘zo Pz,.
. . (Qo, » k)
The set AS is the acceptance region of Hy : (0, z0) ~ Pekcfék “Pz,.
P('")P A P(m)P Ac
o, Zo( ) [P Zo( v)

P((ar:)\zo Pz, (Ay)
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Consider v > 0,
(m)
A, = {(6k,20) € My x Zp : log OlZo=20 (g} | >«

Qe Ak
dP@k‘ék 2z
The set A, is the acceptance region of Hp : (8x, zo) ~ Pg:)‘zo Pz,.
. . (Qo, » k)
The set AS is the acceptance region of Hy : (0, z0) ~ Pej);k “Pz,.
PSPz, (A PSY Pz, (AS
o, Zo( ) [P Zo( v)
P((ar:)\zo Pz, (Ay) Pg:?zo Pz, (AEY)
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Bounds in Probability

Theorem
Assume that for all zg € 2, P((a"k’)| Zomzy K Qe, ; consider a free parameter v > 0; the following constants
(m) dP(m)
A . Okl Zo=29 N O¢|Zo=2¢
= | —x2 2 (9 dy= | = 0
1 (ekylo)rgl’\r}kxzo = dP (Qey-Ak) ( k) . (kazo?é%kxzo = dp(Q@’k’Ak) ( k)
Ox|Zy=2y Ox|Zy=2)
ary”
Okl Zo=29
and the set A, = (Ok, 20) € My X Zy : log ?( k) | =vp. Then, the value
dP L
O |Zy=2y

JLk,Q@k,Ak (Pek\z ,Pz0> satisfies

PEY P2y (A4) (7 =) + PS5, Pzo (AS) (v =)
> JL“’QOk’Ak (Pek\zo PZO) =
PSPy (AS) (1 =) + PS5 Pz (Ay) (v = ) -
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Generalization Error: The Second Closed Form Expression

[ Theorem

Consider the generalization error G <Pe ulm), v(m)|zy on) and assume that for all zy € 2y, P@"Z? Zomzo K
Qe,. Then,

@%meaﬁ

(Qoy s k) m (Qe 2 Ak) o
= Ak // Gk\zo Zo||P9k|§k=3k) - D(P(lezo Zo” Gk‘ék—zk)) dPz, (24) APz, (20)-
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Generalization Error: A Pythagorean Identity

Consider the generalization error Gy (PQ U(m)’v(m)‘zo;on). Assume that for all zo € Z,

P(E)’:?ZO:ZQ < Pg:) < Qe,. Then,

1
™ G (Pg’g(m),l(m)\zo;Pzﬂ) ,E?L
- (Qo, s k) E‘ﬁ
* / D (P((ak)IZo:ZU HP@k\ék:Zk) dPz, (ZO) gg
Y
1 Qe k) 5 g
_ /D (Pé)k)HPOkT)ék:kik) dPz, (2«) =
a
m (i —
+ [ 0P IPEY) 0Pz, (20, e

(m)
\// 2 (P@uzo:m

PYY) dPz, (zo)
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Thank you for your attention!

Questions/Comments/Typos: yaiza.bermudez@inria.fr



https://inria.hal.science/hal-05355756/document
https://inria.hal.science/hal-05355756/document
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